The paper deals with the deterministic-stochastic model of the human body represented as cylindrical antenna illuminated by a low frequency electric field. Both analytical and numerical (Galerkin-Bubnov scheme of Boundary Element Method) deterministic solutions of the problem are outlined. This contribution introduces the new perspective of the problem: the variability inherent to input parameters, such as the height of the body, the shape of the body, and the conductivity of body tissue, is propagated to the output of interest (induced axial current). The stochastic approach is based on the stochastic collocation (SC) method. Computational examples show the mean trend of both analytically and numerically computed axial current with the confidence margins for different set of input random variables. The results point out the possibility of improving the efficiency in calculation of basic restriction parameter values in electromagnetic dosimetry.
Introduction
The exposure of the human body to electromagnetic fields has always been a kind of controversy, particularly in the last two decades. During this period, a number of papers dealing with various models of the human body have been published. The interaction of the human body with electromagnetic field can be analyzed separately for low and high frequencies, respectively, due to different coupling mechanisms and related biological effects. Due to the absence of resonance effects at low frequencies (very long wavelengths, e.g., 6 000 km at 50 Hz), the thermal effects are negligible, while the nonthermal effects could possibly have severe effects on membrane cells [1, 2] . On the other hand, in high frequency range where the body dimensions are comparable to external field wavelength and resonances become significant, thermal effects are dominant [3, 4] . In the last few decades, various epidemiological surveys can be found regarding this subject. The study of the adverse health effects of electromagnetic fields to humans is still a hot topic as there are no clear correlations between the EM field exposure and diseases, such as cancer.
As it has been already stressed in [1, 2, 5] , the key to understanding the coupling of low frequency (LF) fields with the human body is the knowledge of the induced current inside the human body. When the body is exposed to tangential electric field, the induced current consists only of axial component while circulating component of current induced by magnetic field is small and thus negligible [1, 2] . The approaches to tackling this problem can be generally classified as analytical and numerical. Once the current induced inside the human body is determined, it is straightforward to calculate the current density, electric field, and other characteristic parameters [5] .
In this paper, the cylindrical antenna model of the human body exposed to extremely low frequency (ELF) electromagnetic field is considered. King and Sandler solved the problem analytically in [6] proposing parasitic antenna model of the human body and Gandhi and Chen developed realistic human body model and solved it using FDTD [7] , while Poljak and Rashed dealt with the boundary element model of the human body and solved it in frequency domain by using the Galerkin-Bubnov scheme [5] . Numerical calculation of 2 International Journal of Antennas and Propagation induced current inside the human body exposed to ELF electric field has also been reported in [8] [9] [10] .
The nature of the parameters encountered in dosimetry studies is uncertain. The influence of their variability has to be taken into account in order to obtain full knowledge about the induced current or electric field inside the human body. Also, in order to convey good validation among the different computational and experimental models, it is necessary to develop a stochastic model that provides a statistical distribution of recommended limits [11] . The present paper aims to implement stochastic modelling to account for the variability of calculated induced current inside the human body due to the uncertain nature of input parameters required for the current assessment, such as the height of a person, the shape of the body, and the corresponding body conductivity, which is the dominant electric parameter of the body at ELF. The aim of the paper is to combine modern stochastic techniques, namely, stochastic collocation (SC) with the existing deterministic model for the induced current calculation, and thus provide a new tool for more accurate determination of the body model.
In this paper, SC technique is combined with the analytical solution proposed by King [1, 2] and numerical solution proposed by Poljak and Rashed [5] . The emphasis of this work is put on the novel deterministic-stochastic approach; therefore, rather simplified model of the human body is chosen, but it is worth noting that due to increased computational capability the human body models have become more anatomically realistic. A detailed review of realistic male and female models is given in [12] .
The paper is organized as follows: in Section 2, an overview of the theoretical antenna model of the human body exposed to ELF fields is presented. The overview of analytical and numerical solution, respectively, of this model is given. In Section 3, the statistical background is explained, and, in Section 4, some illustrative numerical results are presented. The obtained results are compared with the basic restriction (BR) levels given by the ICNIRP guidelines [13] [14] [15] . Finally, in Section 5, some conclusions are drawn.
Deterministic Cylindrical Model of the Human Body

Formulation.
Human is assumed to be vertically positioned on the perfectly conductive ground (PEC) and exposed to incident ELF field. As it has been reported in [1, 2, 5] , the human body exposed to ELF field can be represented by an imperfectly conducting thick cylinder whose length corresponds to the height of the body and its radius is calculated according to the mean width of the human body ( and , resp., in Figure 1 ). It is common to use muscle tissue in homogenous models of the human body which is the reason to use the conductivity of muscle tissue as the average conductivity of the equivalent cylindrical antenna [3, 4] . The man is standing on the ground with arms alongside the body and barefoot, thus neglecting the capacity between the soles of the feet and their image in the earth; that is, the body is well grounded. The mean values for height, radius, and conductivity are 1.75 m, 0.14 m, and 0.5 S/m, respectively [1, 2, 5] .
Total axial current induced in the body is governed by the Pocklington integrodifferential equation that can be derived from the continuity condition for the tangential electric field components [5] :
where inc is the incident field, sct is scattered field due to the presence of imperfectly conductive cylinder, ( ) is induced axial current, and ( ) is the impedance per unit length of the finitely conductive cylinder.
Start from the curl Maxwell equation:
and take into account the definition of magnetic vector potential:
The scattered electric field can be expressed as follows [5] :
where = √ 0 0 is free space constant and is the axial component of the magnetic vector potential given by [5] 
where is free space permittivity, ( ) is induced axial current, and ( , ) is the so-called exact Green function for the thick cylinder [5] :
in which is the distance between source point and observation point , both of them located on thick wire surface [5] :
Combining (1)- (7) and after some mathematical manipulation, Pocklington's integrodifferential equation for imperfectly conducting wire is obtained [5] :
The conducting and dielectric properties of the human body are taken into account in terms of impedance ( ) [1, 2, 5] :
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Once the axial current is determined, it is possible to calculate current density, electric field, and other related parameters [5] , such as the current density
and the induced electric field
2.2. Analytical Solution. Equation (8) can be solved analytically according to the procedure presented in [1, 2] and the solution is given by
where 0 = 120 Ω is the free space impedance, 0 = 1/ , is the capacity between the soles of the feet and their image in the earth, and Ψ = Ψ( max ) is a function depending on the position of maximum current [1, 2] .
Since this paper deals with the case when man is standing barefoot on PEC ground, then 0 = 0 (the body is well grounded) and (12) simplifies into [1, 2] 
where
Numerical Solution.
Numerical solution of (8) has been presented in [5] , and it is briefly outlined here for the sake of completeness. Applying the GB-BEM to (8) results in the following matrix equation:
where [ ] is mutual impedance matrix, { } contains unknown axial current coefficients, and finally { } is vector containing excitation function [5] :
In the range of extremely low frequencies, the incident electric field is assumed to be constant over the body and equal to 0 so the local voltage corresponds to [5] 
Vector { } contains linear shape functions and { } their derivatives. Shape functions are given in the form of Lagrange's polynomials [5] .
Stochastic Model
Integrating stochastic analysis into presented deterministic model statistical margins could be determined for variations 4 International Journal of Antennas and Propagation of input data. The goal is to propagate uncertainties from the input to the output and calculate statistical moments to assess confidence intervals. Various stochastic techniques have been developed in the past decade such as unscented transform (UT), stochastic collocation (SC), polynomial chaos expansion (PCE) method, and Kriging technique. These methods were successfully applied in various electromagnetic compatibility problems [16] [17] [18] .
Comparing stochastic collocation to well established and widely accepted Monte Carlo methods, the main advantage of SC over MC would be simplicity and less computational cost. On the other hand, MC methods are more convenient in case of large number of input random variables [19] . Also, SC method is nonintrusive; that is, it is not necessary to change existing deterministic code which is an advantage compared to the more accurate but at the same time more complicated and intrusive polynomial chaos expansion method [19] .
Theoretical background of SC method can be found elsewhere [16] [17] [18] [19] , but, for the sake of completeness, some basics are given here, as well.
Fundamentals of Stochastic Collocation.
The fundamental principle of SC technique lies in polynomial approximation of the considered output for given random parameters. Random parameter is defined as follows [16, 17] :
where 0 is the initial (mean) value and̂is the random variable (RV) with a priori chosen statistical distribution.
Function → ( 0 , ) is expanded over a stochastic space using the Lagrangian basis functions [16, 17] :
is ( − 1) degree Lagrange polynomial. An interesting property of the Lagrangian basis is
so that
Following the definition from statistics for the mean, the expected value of output of interest can be calculated as
The final form of (22) can be written as
where weight is given as
Note that function pdf( ) is the probability density function of RV̂from (17) .
The order ( − 1) of approximation depends on the number of chosen points (sigma points). The computation of integral in (24) is based on Gaussian quadrature with identical sigma points. The convergence is dependent on the number of chosen sigma points.
This overview is given for the case of single RV, but it can be easily extended to the case of RVs. For example, if = 2, then
Function ( , ) → ( 0 , 0 ; , ) can be projected on a Lagrangian basis:
The mean is given by
and weights are computed from relation
Furthermore, -dimensional problems can be solved using tensor product in each direction. However, for very large , stochastic collocation would become complex for practical use.
In addition to the mean, other higher statistical moments can be readily computed and the expressions are given in Table 1 for one-dimensional RV case. An extension todimensional problems is straightforward.
Computational Examples
First, in Section 4.1, univariate examples are given, while Section 4.2 deals with the case of three input RVs. Note that uncertain inputs are integrated in both analytical and numerical deterministic solutions.
International Journal of Antennas and Propagation 5 Input variables chosen as RVs are body length, radius, and conductivity, respectively. Random inputs are given in Table 2 and all RVs follow uniform distribution. In principle, stochastic studies are carried out in two steps: first to statistically model input data and then to solve stochastic numerical or analytical model, respectively [16] . The mean values for each RV are given in literature [1, 2, 5] .
Sigma-weight pairs for each of the random variables are given in Table 3 . Convergence is accomplished for three sigma points in all examples and therefore there is no need to increase the number of points.
The results for all scenarios are presented in the following way: distribution of the mean value for the output of interest, which is either induced current or internal electric field, is given along the human body starting from the feet to the top of the head. Also, figures display the confidence interval around the mean value given as mean value ±3 or ±2 standard deviations.
Univariate Examples.
The first example selected is the human body exposed to incident electric field inc = 10 4 V/m at frequency of 60 Hz with body length as RV. Then, at the second example, radius is chosen as input RV and finally conductivity ( Table 2) . The results are presented in Figures  2-4 , respectively. Stochastic analysis is carried out for both analytical and numerical deterministic solutions. Figures 2-4 show the highest variability of the results in the case when the radius of the body is taken as RV input (Figure 4) . The results are practically nondependent on conductivity (Figure 2 ) which is in accordance with the analytic prediction; that is, the current does not vary with the change in conductivity [1, 2] . Taking into account the influence of each RV on the output, it is possible to use SC for sensitivity analysis to exclude the less significant variables from observation for case when the number of random input variables grows high. An additional task is to assess the confidence margins for the output of interest. According to the usual procedure to define confidence interval as mean value ±3 standard deviations, it is demonstrated that the extreme values are not sufficient to predict the dispersion of results around mean trend.
Multivariate Examples.
In this section, the example with all three input random variables is considered. Sigma/weight pairs are given in Table 3 . The human body is illuminated by incident field inc = 10 4 V/m at frequency = 60 Hz. The results in Figure 5 are very similar to the ones in Figure 4 where only radius is considered as random variable, thus verifying the variability of the output current to mostly depend on variability of radius that belongs to particular cylindrical representation of the human body. Though this conclusion is related to the case of uniform distribution of random variables, the computation is also applicable to different distributions of random variables. It is worth noting that the results represented in Figures  2-5 show the distribution of the induced current along the human body starting from the feet to the top of the head. This is consistent with ICNIRP's basic restriction on exposure of humans to ELF electric fields from 1998 which is induced current density [13] .
However, international standards [14, 15] , also recommended by WHO, report the change in the basic restriction parameter on ELF electric field exposure from induced current into induced electric field inside the body ⃗ int .
Therefore, in Figure 6 , the mean trend of the induced electric field obtained from (11) 
Conclusion
The paper deals with the application of stochastic collocation (SC) method in modelling the human body exposed to LF fields using the cylindrical antenna representation of the body. The deterministic model has already been presented and the new perspective has been given in this work. Taking into account the constant interest of public in potentially adverse health effects of ubiquitous EM radiation, this paper extends the analysis from the stochastic point of view. Presented examples provide the mean value for induced current and induced electrical field with the confidence margins taking into account a priori determined variability of input parameters. It is demonstrated that extreme values of input RVs are not sufficient to predict the dispersion of the output around mean trend. Taking into account confidence intervals obtained from stochastic models, basic restrictions in EM dosimetry can be established with better precision.
